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ABSTRACT
Reionization of the cosmic neutral hydrogen by the first stars in the Universe is an inho-
mogeneous process which produces spatial fluctuations in free electron density. These
fluctuations lead to observable signatures in cosmological probes like the cosmic mi-
crowave background (CMB). We explore the effect of the electron density fluctuations
on CMB using photon-conserving semi-numerical simulations of reionization named
SCRIPT. We show that the amplitude of the kinematic Sunyaev-Zeldovich (kSZ) and
B-mode polarization signal depends on the electron density fluctuations along with
the dependence on mid-point and extent of the reionization history. Motivated by this
finding, we provide new scaling relations for the amplitude of kSZ and B-mode polar-
ization signal which can capture the effects arising from the mean optical depth, width
of reionization, and spatial fluctuations in the electron density. We show that the am-
plitude of the kSZ and B-mode polarization signal exhibits different dependency on
the width of reionization and spatial fluctuations, and hence a joint study of these
CMB probes will be able to break the degeneracy. By combining external datasets
from 21 cm measurements, the degeneracy can be further lifted by directly exploring
the sizes of the ionized regions.
Key words: dark ages, reionization, first stars, cosmic background radiation, cos-
mology: observations
1 INTRODUCTION
The cosmic reionization of neutral hydrogen (HI) is believed
to have begun at a redshifts z ∼ 20−30 when the first lumi-
nous sources in the Universe formed. Due to the very large
photoionization cross section at energies & 13.6 eV, the ul-
traviolet photons capable to ionizing HI are absorbed by
the neutral atoms in the immediate vicinity of the sources,
forming bubbles of ionized hydrogen (HII). This leads to
large spatial fluctuations in the ionized fraction, and hence
reionization is believed to be “patchy”. These bubbles grow,
overlap and eventually merge completely, resulting in a uni-
formly reionized universe at z ∼ 6 (Barkana & Loeb 2001,
2004; Furlanetto et al. 2004; Wyithe & Loeb 2003; Dayal
& Ferrara 2018). Intriguing details of the Epoch of Reion-
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ization (EoR) have been gleaned by a host of cosmological
observables in the recent past.
It is now well accepted that cosmic reionization is a com-
plicated phenomenon which depends on several astrophysi-
cal and cosmological effects. The studies of reionization at
present attempts to answer several important open questions
which can be listed as: (i) When did the first stars formed
in the Universe? (ii) Is reionization driven by galaxies resid-
ing in rare massive haloes or abundant lighter haloes? (iii)
How rapid is the process of reionization process? (iv) How
inhomogeneous is the process of reionization? Understand-
ing these issues require accurate modelling of the physical
processes during the EoR, which are unfortunately almost
impossible to model from first principles. An alternate ap-
proach could be mostly data-driven where one attempts to
reconstruct the EoR using multiple cosmological probes. In
this work, we attempt to understand how different char-
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acteristics of reionization (e.g., the timing, the extent, the
sources responsible) affect different observational probes.
One of the most important probes of the EoR has been
the Cosmic Microwave Background (CMB) anisotropies.
The so-called “reionization bump” in the Cosmic Microwave
Background (CMB) anisotropy measurements of low l E-
mode polarization constrain the value of the reionization
optical depth which, in turn, results from the Thompson
scattering of CMB photons with free electrons emanated
from reionization. The latest result by the Planck satellite
(Planck Collaboration et al. 2018) reports a total optical
depth to recombination to be τ = 0.054± 0.007. At present,
there are no direct observational constraints on the evolu-
tion of the ionization fraction during reionization, although
theoretical models (Mesinger & Furlanetto 2007; Zahn et al.
2007; Choudhury et al. 2009) when compared with a vari-
ety of data, suggest that the reionization is not an instan-
taneous phenomena, rather it is an inhomogeneous/patchy
and complex process leading to spatial fluctuations in the
ionized fraction during this epoch (for recent reviews, see,
e.g., Mellema et al. 2013, 2015; Choudhury et al. 2016).
Along with the large angular scale measurements of the
CMB signal, observations from the ongoing and upcoming
high resolution ground-based CMB experiments (such as the
Atacama Cosmology Telescope (ACTPol) (Thornton et al.
2016), South Pole Telescope (SPT) (Benson et al. 2014),
Simons Observatory (Aguirre et al. 2018), and CMB-S4
(Abazajian et al. 2019)), can also explore the small angu-
lar scale anisotropies in CMB temperature and polarization
field. Proposed CMB mission concepts (such as Probe of In-
flation and Cosmic Origins (PICO) (Hanany et al. 2019),
CMB-Bharat 1, CMB-HD (Sehgal et al. 2020), and the pro-
posal submitted to Voyage-2050 (Delabrouille et al. 2019))
are also capable to probe secondary anisotropies in the CMB
with high angular resolution. The small angular scale CMB
anisotropies are rich source of information about secondary
CMB anisotropies which are generated after the surface last
scattering which is around z ∼ 1080. The CMB photons that
we observe today have interacted with matter along their
path and result in the secondary anisotropies. The interac-
tions comprise of gravitational lensing (Seljak 1998; Zaldar-
riaga & Seljak 1998; Hu 2001; Hu & Okamoto 2002), the
thermal Sunyaev-Zeldovich effect (tSZ; the inverse Comp-
ton scattering of CMB photons with free electrons, Sunyaev
& Zeldovich 1970); and the kinematic Sunyaev-Zeldovich ef-
fect (kSZ; Doppler effect due to bulk motion of free electrons
in, e.g., galaxy clusters and HII bubbles, which can Thom-
son scatter the CMB photons, Sunyaev & Zeldovich 1980;
Nozawa et al. 1998).
During reionization, the contribution of kSZ to the
secondary anisotropies exceeds greatly compared to tSZ
(Aghanim et al. 2008). The influence of patchy reionization
on small scale CMB anisotropies has been widely studied us-
ing analytical models and numerical simulations (Knox et al.
1998; Gruzinov & Hu 1998; Santos et al. 2003; Zahn et al.
2005; McQuinn et al. 2005; Salvaterra et al. 2005; Mesinger
et al. 2012; Battaglia et al. 2013; Park et al. 2013; Calabrese
et al. 2014; Alvarez 2016; Gorce et al. 2020). High-resolution
CMB experiments have also provided observational evidence
1 http://cmb-bharat.in/
of the kSZ signal originated during reionization (Zahn et al.
2012; Reichardt et al. 2012; Dunkley et al. 2013; Sievers
et al. 2013; Crawford et al. 2014; Reichardt et al. 2020).
The patchy reionization also gives rise to secondary B-mode
polarization and leaves an imprint on the measurements of
the primordial B-mode polarization (Hu 2000; Santos et al.
2003; Zahn et al. 2005; McQuinn et al. 2005; Mortonson &
Hu 2007; Dvorkin & Smith 2009; Dvorkin et al. 2009; Su
et al. 2011). In a previous paper (Mukherjee et al. 2019),
we have studied this effect in detail using simulations and
estimated the patchy reionization contamination in the pri-
mordial B-mode polarization signal.
In this work, we focus on observational probes based
on CMB to understand how they can be used to constrain
the patchiness in EoR and hence infer about the sources
which drove the process. Our main focus is on the secondary
anisotropies in the temperature and polarization field of the
CMB such as kSZ temperature fluctuations, and B-mode
polarization signal (even in the absence of primordial grav-
itational waves). We also complement these probes of the
CMB with the temperature brightness fluctuations in the
redshifted 21 cm signal of HI, which can be useful in re-
lating the angular scales of the observed signal to physical
quantities like the size of ionized regions.
The plan of the paper is as follows: we further elab-
orate on the motivation of this work in section 2. In sec-
tion 3, we provide a theoretical overview of the kSZ ef-
fect, the patchy reionization contribution to the secondary
CMB B-mode polarization and the Cosmological 21cm sig-
nal from the reionization. The details of our semi-numerical
simulation prescription for generating the patchy reioniza-
tion signal is given in section 4. In section 5, the main out-
comes of our work are discussed in detail and finally, sec-
tion 6 contains the primary findings of this paper and scopes
of future work. Throughout this paper, we have used the
flat ΛCDM cosmological parameters [Ωm,Ωb, h, ns, σ8] =
[0.308, 0.0482, 0.678, 0.961, 0.829] from Planck Collaboration
et al. (2014) consistent with Planck Collaboration et al.
(2018).
2 MOTIVATION: CONNECTING THE
PHYSICS OF EOR WITH COSMOLOGICAL
OBSERVABLES
The presence of spatial fluctuations in the electron den-
sity during the EoR leads to detectable signal in the CMB
anisotropies, namely, the kSZ power spectrum and the B-
mode polarization power spectrum. Conventionally, it is as-
sumed that the kSZ signal is mostly determined by the mean
reionization redshift and the extent of reionization (Mc-
Quinn et al. 2005; Zahn et al. 2012; Mesinger et al. 2012;
Battaglia et al. 2013). However, in addition to the contribu-
tion arising from the width of reionization, the contributions
to the kSZ signal depends on the total amount of integrated
fluctuations in the momentum field during the EoR. As a
result it is expected that the kSZ amplitude will depend not
only on the width of the reionization and the mean redshift,
but also on the amount of spatial fluctuations present in the
electron density during the EoR (Park et al. 2013; Gorce
et al. 2020).
For a measured value of the optical depth τ , reioniza-
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tion starting late and taking place rapidly, can be driven by
massive halos and hence can generate more fluctuations in
electron density (see Sec. 4). This can lead to high kSZ signal
due to the contribution from the momentum field even if the
width of the reionization ∆z is shallow. In the opposite end,
a reionization happening slowly with a large value of ∆z,
can be driven by small halos and can have less fluctuation
in the electron density in the early EoR, and a significant
contribution can arise from the wider value of ∆z. Along
with these two effects, change in the value of the optical
depth τ (or the mean redshift z¯) can alter the strength of
the signal. As a result, the total signal in kSZ during the
EoR should be an interplay between the value of τ , ∆z, and
spatial fluctuation in electron density.
Similar to the kSZ signal, the secondary anisotropy due
to Thompson scattering of CMB quadrupole by the free
electrons (distributed inhomogeneously) produces B-mode
polarization signal. The strength of the signal depends on
the integrated electron density fluctuation during the EoR.
Reionization driven by massive halos can lead to large spa-
tial fluctuations in electron density (Mukherjee et al. 2019).
Also for a longer (or shallower) duration of reionization, the
net integrated contribution to B-mode polarization should
be more (or less). As a result, similar to the kSZ signal,
secondary B-mode polarization should also depend on the
value of τ , ∆z, and spatial fluctuation in electron density.
In this paper, we have obtained a new scaling relation
for kSZ signal and B-mode polarization signal given in equa-
tions (12) and (15), respectively which also captures the
contribution from spatial fluctuation in electron density. In
contrast to other works, our scaling relation is written in
terms of the mean optical depth τ rather than in terms of
the mean value z¯. We have considered this route because the
former one is a directly observable quantity (from small scale
temperature fluctuations in CMB and large scale polariza-
tion fluctuations in E-mode polarization), whereas the later
one is a model dependent quantity depends on the assumed
reionization history. These new scaling relations makes it
possible to connect the CMB observables (kSZ, B-mode po-
larization) with the characteristics of reionization.
3 OVERVIEW OF THE THEORETICAL
FORMALISM
3.1 kSZ during the EoR
The bulk motion of the ionized bubbles with respect to the
CMB gives rise to the kSZ effect and leads to secondary
anisotropies in CMB temperature field2
∆T (nˆ)
T0
= −
∫ τ
0
dτ e−τ(χ)
nˆ · v
c
, (1)
where T0 = 2.725K is the CMB temperature at z = 0, nˆ de-
notes the line of sight unit vector and v refers to the peculiar
velocity field. The quantity τ(χ) is the integrated Thom-
son scattering optical depth through the IGM from present
2 The choice of the direction is taken such as the bubble which
is moving towards us leads to an excess temperature fluctuation.
epoch to the redshift of interest:
τ(χ) = σT n¯H
∫ χ
0
dχ (1 + z)2xe(1 + δ), (2)
with τ being the integrated optical depth to the last scat-
tering surface. In the above equation, σT is the Thomson-
scattering cross section, χ indicates the comoving distance to
the epoch of interest and n¯H is the comoving mean number
density of hydrogen. The quantities δ and v, respectively,
are the density contrast and peculiar velocity of baryons.
We denote the free electron fraction as xe = χHexHII with
χHe = 1.08 referring to the excess electron correction fac-
tor due to singly ionized Helium and xHII being the ionized
fraction of hydrogen. Therefore, the global mass-averaged
ionization fraction is given by by QHII(z) ≡ 〈xHII(1 + δ)〉.
As τ is directly proportional to the free electron number
density, we can define a dimensionless ionized momentum
field as
q = xe(1 + δ)
v
c
. (3)
In terms of q, equation (1) can be written as:
∆T (nˆ)
T0
= −σT n¯H
∫
dχ
a2
e−τ(χ)q · nˆ. (4)
The kSZ angular power spectrum can be estimated from
the momentum field and calculated using Limber’s approxi-
mation (Limber 1953) as (Ma & Fry 2002; Park et al. 2013;
Alvarez 2016) :
CkSZl = (σT n¯HT0)
2
∫
dχ
χ2a4
e−2τ(χ)
Pq⊥(k = l/χ, χ)
2
. (5)
Here q⊥ is the transverse component of the q field, i.e.,
its direction is perpendicular to the k vector (k · q⊥ = 0)
and hence can be calculated as q⊥(k) = q(k) − [q(k) · kˆ]kˆ
(Park et al. 2013). Pq⊥(k, χ) is the power spectrum of trans-
verse component and is defined as 〈q⊥(k, χ) · q⊥∗(k′, χ)〉 =
(2pi)3Pq⊥(k, χ)δD(k− k′).
In reality, the kSZ is an integrated effect that gets con-
tribution from both during and post reionization epochs.
During post-reionization, the signal is sourced by the
Ostriker-Vishniac (OV) effect (Ostriker & Vishniac 1986;
Ma & Fry 2002), which requires modelling of the non-linear
density and velocity fields (Shaw et al. 2012). We do not at-
tempt to model the OV effect in this paper and therefore set
the lower integration limits for equations (4) and (5) to the
redshift zend where reionization is complete (which depends
on the reionization model under consideration). This implies
that the kSZ signal amplitudes quoted in the paper take into
account only the contribution from patchy reionization.
3.2 Secondary CMB polarization during the EoR
In addition to small-l temperature anisotropies, the spatial
fluctuations in the electron density during the EoR leads
to secondary fluctuations in the polarization field of CMB.
The signal arises due to two effects which are called scatter-
ing and screening (Hu 2000; Santos et al. 2003; Zahn et al.
2005; McQuinn et al. 2005; Mortonson & Hu 2007; Dvorkin
& Smith 2009; Dvorkin et al. 2009; Su et al. 2011). Scat-
tering arises due to the Thompson scattering of the CMB
photons (with quadrupole anisotropy) with the inhomoge-
neous spatial distribution of electrons during the EoR, which
MNRAS 000, 1–15 (0000)
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can be written as3
CBB,scal =
24pin¯2Hσ
2
T
100
∫
dχ
1
a2
∫
dχ′
1
a′2
e−τ(χ)−τ(χ
′)
×
∫
dk
k2
2pi2
Pee(k, χ, χ
′)jl(kχ)jl(kχ
′)
Q2RMS
2
,
(6)
where the power spectrum of the electron density fluctua-
tions ∆e ≡ xe(1 + δ) is written as 〈∆e(k, χ′)∆∗e(k′, χ′)〉 ≡
Pee(k, χ, χ
′)δD(k − k′). The parameter Q2RMS denotes the
quadrupole temperature variance, which is considered to be
22µK over the redshift range of reionization and jl(kχ) are
the spherical Bessel functions. This signal is dominant at
large angular scales and can be a source of contamination
to the primordial B-mode polarization signal (Mortonson &
Hu 2007; Mukherjee et al. 2019; Roy et al. 2020). In our pre-
vious study (Mukherjee et al. 2019), we used semi-numerical
simulations of the EoR to show that there can be up to 30%
bias in the value of tensor to scalar ratio r = 0.001 measured
by the upcoming CMB probes of the B-mode polarization
and can also lead to an increase in the error-bar on r.
The secondary effect such as screening arises from the
rotation of the primordial CMB polarization field due to
the inhomogneous optical depth along the line of sight. This
effect is dominant only at small angular scales over the scat-
tering effect, and can be written under the flat-sky approx-
imation as (Dvorkin et al. 2009; Gluscevic et al. 2013)
CBB,scrl =
∫
d2l′
(2pi)2
CEEl′ C
ττ
|l−l′| sin 2φl′ (7)
where, CEEl and C
ττ
l are the angular power spectrum of the
primordial E-mode polarization signal of CMB and optical
depth τ due to inhomogeneous cosmic reionization.
3.3 Cosmological 21 cm signal during the EoR
Although the main focus of this work is to understand
how the physics of patchy reionization affects the CMB
anisotropy signals, we also study the 21 cm signal predicted
by the models. Since the CMB signal is an integrated effect
along the line of sight, often the details of reionization gets
integrated out and thus makes it difficult to understand.
Since the 21 cm signal follows the EoR at individual red-
shifts, it helps to compare the CMB signals with the 21 cm
predictions. It is worth mentioning here the major experi-
mental efforts that are being undertaken to study the EoR
using redshifted 21 cm emission. In particular, radio inter-
ferometers such as the Low Frequency Array (LOFAR, Van
Haarlem, M. P. et al. 2013), Giant Meterwave Radio Tele-
scope (GMRT, Paciga et al. 2013), Donald C. Backer Preci-
sion Array for Probing the Epoch of Reionization (PAPER,
Parsons et al. 2014), and the Murchison Widefield Array
(MWA, Tingay et al. 2013) are currently operational in the
80 < ν < 300 MHz range to detect the redshifted 21 cm
line. In the future, the Hydrogen Epoch of Reionization Ar-
ray (HERA, DeBoer et al. 2017) and SKA1-low4 will be
3 This expression is valid at all angular scales under the approx-
imation of constant source (or slowly varying source Hu (2000)).
4 https://www.skatelescope.org
operational with increased sensitivity for both direct and
statistical detection.
The differential brightness temperature of the predicted
21 cm signal from EoR with the CMB as background is given
by (Field 1958, 1959; Furlanetto et al. 2004):
δTb(x, z) = 27 mK xHI(x, z)[1 + δ(x, z)]
×
(
ΩBh
2
0.023
)(
0.15
Ωmh2
1 + z
10
)1/2
, (8)
where xHI ≡ 1 − xHII is the neutral hydrogen fraction and
Tγ(z) = 2.725(1 + z) is the CMB temperature. The above
relation assumes that the spin temperature of neutral hy-
drogen is much larger than Tγ which is valid because of the
X-ray heating from the early sources.
4 SEMI-NUMERICAL SIMULATIONS OF
COSMIC REIONIZATION USING SCRIPT
In this section, we describe the model of reionization we
have used to generate the kSZ and 21 cm signals. We have
used the Cosmological N -body simulation code GADGET-
2 (Springel 2005) to generate the large-scale dark matter
density field on a 512h−1Mpc size box containing 2563 col-
lisionless dark matter particles. Assuming that the baryon
density field at high-z trace the dark matter distribution,
snapshots were generated for 5 6 z 6 15 at equal redshift
interval δz = 0.1. We assume that each halo above some
minimum mass Mmin is capable of ionizing a mass of in-
tergalactic hydrogen atoms that is proportional to the halo
mass.
Due to the low resolution of our simulation setup and
the choice of minimum halo mass, the traditional halo finder
algorithms are not able to resolve collapsed haloes responsi-
ble for producing the ionizing photons. Although, low mass
haloes are highly abundant in the initial stage of reion-
ization and act as major drivers for early reionization of
the universe. Therefore, in order for the resulting ioniza-
tion field to reflect the underlying density field correctly,
we employ an approach based on conditional mass fraction
due to ellipsoidal collapse to incorporate the contribution of
small mas haloes which are not resolved otherwise (Sheth &
Tormen 2002; Seehars et al. 2016; Choudhury & Paranjape
2018). The quantity of interest here is the collapsed frac-
tion fcoll(Mmin) which denotes the mass fraction in a given
volume that resides in haloes of mass Mmin or higher.
As the end product of this prescription, we have the
collapsed fraction (fcoll) and value of density fluctuation
for every grid cell in the simulation box. To construct the
ionization field from here, we use the photon-conserving
semi-numerical scheme introduced in Choudhury & Paran-
jape (2018), which is named SCRIPT (Semi-numerical Code
for ReIonization with PhoTon-conservation). In addition
to solving the non-conservation of photons in excursion set
bases models (Mesinger & Furlanetto 2007; Zahn et al. 2007;
Geil & Wyithe 2008; Santos et al. 2008; Choudhury et al.
2009; Mesinger et al. 2011), it also ensures the numerical
convergence of large-scale power spectrum of the ionization
field with respect to the resolution at which the method is
employed.
MNRAS 000, 1–15 (0000)
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4.1 Generating kSZ and 21 cm light cones
The simulation along with the steps discussed above deliver
us the so-called “coeval cubes” which are three-dimensional
volumes of density fluctuation, radial velocity and ionization
fraction fields at each cosmological redshift. Obviously, the
cartesian dimension of the three-dimensional volume does
not represent the redshift axis as all elements in a single
cube represent simultaneous evolution and reflect the IGM
at a fixed redshift. For example, if we place the center of
a 512h−1Mpc box at the comoving distance corresponding
to redshift z = 8, then the sides nearest and furthest from
the observer represent the redshifts z ≈ 6.9 and z ≈ 9.4 (for
the flat ΛCDM cosmology used in this paper). This means
that such a scenario indicates no redshift evolution between
z = 6.9 and 9.4. Therefore, light cone volumes must be gen-
erated from the “coeval cubes” to characterize the evolution
of IGM along the line of sight and illustrate redshift evo-
lution (Barkana & Loeb 2006; Datta et al. 2012; La Plante
et al. 2014; Ghara et al. 2015; Mondal et al. 2018). In this
work, we follow the prescription outlined in Ghara et al.
(2015) to generate the light cones.
With the light cone cubes constructed for density fluctu-
ation, radial velocity and ionization fraction; equations (2)–
(4) and (8) are used to compute the kSZ and 21 cm bright-
ness temperature maps. Note that these light cones are gen-
erated only for visualizing the evolution of the EoR and the
main effects which determine the signal, however, these are
not required for calculating any of the CMB signals.
5 RESULTS FROM THE SIMULATIONS
5.1 The fiducial reionization history
To construct a fiducial model of reionization, we assume that
all haloes with mass >Mmin = 108M are able to ionize the
IGM. This choice of halo mass is driven by the correspond-
ing virial temperature of 104K for efficient cooling mediated
by atomic transition, which is required for fragmentation of
primordial gas into stars when they fall into dark matter
haloes (Barkana & Loeb 2001). We assume the ionizing ef-
ficiency ζ to be z-independent and we fix the value of ζ in a
way that the resulting reionization history (left hand panel
of Figure 1) results in τ = 0.054, the mean value from the
latest Planck results (Planck Collaboration et al. 2018).
We also consider two more reionization scenarios by
increasing Mmin to 10
9 and 1010M. The value Mmin =
109M corresponds to the cases where radiative feedback
suppresses star formation in low-mass haloes (Choudhury
et al. 2008), whereas the extreme case of Mmin = 10
10M is
motivated by AGNs driven reionization mechanism (Kulka-
rni et al. 2017). From hereon, the cases of Mmin = 10
8, 109
and 1010M are denoted as M8, M9 and M10 respectively.
For M9 and M10, ζ is varied across redshift so that the re-
sulting QHII(z) is consistent with the reionization history of
M8 (left hand panel of Figure 1).
In the middle panel of Figure 1, we show the dimension-
less power spectrum Pq⊥(k) of the transverse component of
the momentum field (q⊥) at two redshifts z = 7 and z = 10
for Mmin = 10
8, 109 and 1010M for the fiducial reioniza-
tion history. We find that the power spectrum amplitude is
higher at z = 7 than at z = 10. This is because the bub-
ble distribution is significantly more patchy at z = 7 where
QHII ∼ 0.5. We also find that the power spectrum ampli-
tude increases with increasing Mmin. This is also along the
expected lines as the reionization is driven by relatively rarer
sources when Mmin is larger leading to relatively fewer but
large-sized bubbles, thus leading to more fluctuations. We
also show the dimensionless power spectrum Pee(k) of the
electron fraction for the same cases in the right hand panel of
Figure 1. The observations in this case are almost identical
to the case of Pq⊥(k).
To understand this further, we show the light cones for
the 21 cm brightness temperature field in the right panels
Figure 2 for the three cases M8, M9 and M10. In the left
panels of the same figure, we show a single slice of the coeval
boxes for M8, M9 and M10 at z = 7 (QHII = 0.51). Note
that all the rows have the same reionization history, the only
difference being the sources of reionization. Clearly, larger
values of Mmin leads to larger (but fewer) ionized bubbles
and hence more contrast in the ionization field. Hence, we
expect the any signal that depends on the fluctuations in
the ionization field to be larger for higher Mmin.
For comparison, we also show the light cones for the kSZ
temperature field in the right panels Figure 3, while the left
panels show a single slice of the coeval boxes at z = 7. Note
that the observable kSZ signal is an integral over the light
cone. The first point to note is that, unlike the 21 cm signal,
the kSZ signal continues to exist even when reionization is
over (i.e., at z < 5.4). This is simply due to the density
fluctuations and the velocity field and is ignored in our work.
In the EoR, we find that the ionized bubbles (blue regions)
are larger for higher Mmin, thus leading to higher amplitude
in the kSZ signal.
5.2 Impact of reionization sources on the kSZ
angular power spectrum
The kSZ contribution arising from patchy ionization fields
during the EoR to the CMB angular power spectrum is
shown in Figure 4 for the three cases M8, M9 and M10,
respectively. We also show the signal arising from a homoge-
neous reionization where the reionization history is identical
to the fiducial one but the ionization fraction throughout the
IGM is assumed to be homogeneous. Clearly, the patchiness
enhances the amplitude of Cl by over an order of magni-
tude at the angular scales relevant for the kSZ probes (Park
et al. 2013). Also, as anticipated from the discussions earlier
in the paper, the signal amplitude is larger for higher values
of Mmin.
It has been often suggested that (McQuinn et al. 2005;
Zahn et al. 2012; Mesinger et al. 2012; Battaglia et al. 2013)
the amplitude of the kSZ signal is dictated primarily by two
parameters: the redshift of half reionization (z50%) and the
duration of reionization (∆z = z75%−z25%). Battaglia et al.
(2013) calculated the kSZ power spectrum for z > 5.5 and
obtained the following scaling relation:
DkSZl=3000 ≡ l(l + 1)
2pi
CkSZl=3000
≈ 2.02µK2
[(
1 + z¯
11
)
− 0.12
](
∆z
1.05
)0.47
,(9)
where z¯ is the mean value for the reionization-redshift field,
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Figure 1. The left panel shows the evolution of the ionized mass fraction QHII(z) for our fiducial reionization history. The middle
panel shows the dimensionless power spectra of the transverse component of the momentum field (q⊥) at redshifts z = 7 and 10 for
Mmin = 10
8, 109 and 1010M using SCRIPT keeping the reionization history same as the fiducial model. The dimensionless power spectra
of the electron distribution power spectrum Pee for the same cases are shown in the right panel.
  
108 Mʘ
109 Mʘ
1010 Mʘ
Δz3
Δz3
Δz3
Figure 2. Visualization of the 21cm differential brightness temperature δTb for a single realization. The top, middle and bottom rows
correspond to the three minimum halo mass cases considered in this paper: Mmin = 10
8, 109 and 1010M respectively. Left panel: a
single slice from the coeval cube at approximately half-reionization redshift z = 7 with QHII = 0.51. Right panel: the evolution of the
21cm signal across redshift in the form of light cone cube. The signal follows the underlying matter fluctuation at the initial stage of
reionization and gradually disappears at lower redshifts as the IGM gets ionized. For higher minimum halo mass cases, both left and
right panel portray larger bubble sizes with distinctive boundaries which in turn increases the patchiness in the IGM.
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108 Mʘ
109 Mʘ
1010 Mʘ
Δz3
Δz3
Δz3
Figure 3. Visualization of the kSZ signal for the same realization as presented in Figure 2 for Mmin = 10
8, 109 and 1010M (from top
to bottom) for the reionization case ∆z3. The left panel shows the kSZ contribution from the slice at z = 7 with 2Mpc/h width. The
right panel describes the evolution of the KSZ signal across redshift.
Figure 4. kSZ angular power spectrum estimated using equation (5) which applies the Limber’s approximation to calculate CkSZl from
3D transverse momentum field power spectra Pq⊥ integrated over redshift. The lensed angular power spectrum of CMB temperature
fluctuations are obtained using CAMB (Lewis et al. 2000; Howlett et al. 2012) to compare the amplitude with kSZ. The plot indicates
high-l modes are more powerful to explore the kSZ signal.
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Figure 5. Dependence of kSZ angular power spectra on various reionization parameters. Left panel: three reionization cases which are
distinguished by ∆z; all cases result in τ ≈ 0.054. Middle panel: 2d distribution of l(l + 1)CkSZl=3000/2pi on various minimum halo mass
and ∆z cases. Right panel: Effect of patchiness on CkSZl , higher minimum halo mass cases develop increased patchiness in IGM which
in turn increases the kSZ angular power spectra.
Figure 6. Same as Fig 5 but for τ = 0.061.
which is approximately equal to the redshift of half reion-
ization z50%. For our fiducial reionization history, the above
scaling relation gives DkSZl=3000 = 1.78µK
2. The values we ob-
tain for the models M8, M9 and M10 areDkSZl=3000 = 1.38µK
2,
1.75µK2 and 2.19µK2, respectively. Since the three models
have the identical reionization history, it is clear that the
kSZ signal cannot be described simply by two parameters z¯
and ∆z. Rather one needs to additionally include the infor-
mation on the patchiness of the ionized regions.
To understand this further, we consider three reioniza-
tion histories with the same τ = 0.054 but having differ-
ent ∆z. These histories are shown in the left hand panel of
Figure 5. Note that the model with ∆z = ∆z3 = 2.3 corre-
sponds to the fiducial reionization history, while the other
two models have more rapid reionization. For each of these
histories, we consider three values of Mmin, thus giving us a
set of nine models. The values ofDkSZl=3000 for these models are
shown in the middle panel of Figure 5. The duration of reion-
ization increases the amplitude of DkSZl=3000, which is in qual-
itative agreement with the scaling relation Battaglia et al.
(2013).5 Additionally, the patchiness introduces another di-
mension in the kSZ anisotropy where increased patchiness
(i.e., increased Mmin) increases the D
kSZ
l=3000 value. It estab-
lishes the fact that a simple scaling relation based on half -
reionization redshift z¯ and duration ∆z is not adequate to
determine the kSZ power when dealing with patchy reion-
ization. Our prediction estimates ∼ 55−60% increase in the
kSZ power at l = 3000 when the Mmin is hiked from 10
8M
to 1010M (right panel of Figure 5).
To see the effect of the CMB optical depth τ on the
signal, we carry out an identical exercise for the value τ =
0.061 which is the 1 − σ upper limit provided by Planck
5 Note that we compute the signal by setting the lower limit of
the integral in equation (5) to the redshift corresponding to the
end of reionization so that the post-reionization OV component
is not included. In contrast, the scaling relation of Battaglia et al.
(2013) is derived by setting the same lower limit z = 5.5.
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Figure 7. We show the values of the b2kSZ(l = 3000), see equation (11), as function of ∆z for different models of reionization considered
in this analysis. The bias parameter exhibits a stronger dependence on the minimum halo mass than the on the width of reionization
∆z and mean value of optical depth τ .
Collaboration et al. (2018). As before, we estimate the kSZ
power for three reionization scenarios of varying duration
(left panel of Figure 6). For each of them, we hike the degree
of patchiness from M8 to M10. The DkSZl=3000 estimates for
this case are shown in the middle panel of Figure 6. In this
case, the shortest reionization scenario ∆z1 results in ∼ 50%
increase in DkSZl=3000 from M8 to M10; whereas for ∆z3, the
increment is ∼ 60% (the right panel of Figure 6).
In summary, the results from simulations show that spa-
tial fluctuations in the electron density during the EoR, and
hence the nature of the reionization sources, play a crucial
role in determining the kSZ signal, which is not captured
by the scaling relation mentioned in equation (9). It is thus
important to derive a more detailed scaling relation which
can account for this additional parameter.
To do this, we first characterize the fluctuations in the
electron density in terms of a bias. Let us define the bias of
the q⊥ field as
b2q⊥(k, χ(z)) ≡
Pq⊥(k, χ(z))
PDM(k, χ(z))
, (10)
which is a function of both k and z. The main advantage of
using the bias is that it normalizes the electron density fluc-
tuations with respect to DM power spectrum and thus helps
in mitigating the dependence on overall amplitude of matter
power spectrum. The quantity relevant for the kSZ signal is
the “mean kSZ bias” at a angular multipole l defined as
b2kSZ(l) ≡
∫ zbeg
zend
dz b2q⊥(k = l/χ(z), χ(z))∫ zbeg
zend
dz
=
1
zbeg − zend
∫ zbeg
zend
dz
Pq⊥(k = l/χ(z), χ(z))
PDM(k = l/χ(z), χ(z))
,
(11)
where the integration limits on z correspond to the be-
ginning and end of reionization. In reality, the above in-
tegral is calculated by summing over redshift bins where N -
body simulation snapshots are available. The dependence
of b2kSZ(l = 3000) on different parameters of reionization is
shown in Figure 7. As expected, the bias increases with in-
creasing ∆z and with increasing Mmin. There is also a mild
dependence on τ where the bias increases with increasing τ .
Using the results from our simulations, we obtain a new
scaling relation for the kSZ amplitude
DkSZl=3000 ≈ 0.65µK2
(
0.097 + τ
0.151
)(
∆z
1.0
)0.54
×
(
b2kSZ(l = 3000)
4.0× 10−7
)0.92
, (12)
expressed in terms of the mean optical depth τ¯ , duration
of the EoR ∆z and the mean bias b2kSZ(l = 3000). Another
novelty of this scaling relation is that it is expressed in terms
of τ , which can be measured accurately from the reioniza-
tion bump of CMB E-mode polarization signal. We have
elaborated the procedure for obtaining the scaling relation
in Appendix A. The above scaling relation shows a maxi-
mum of 13% deviation in the amplitude of the kSZ signal in
comparison to the results from simulations (shown in Fig.
A2 in the appendix A). This new scaling relation indicates
that an observed DkSZl=3000 cannot be related only with the
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Figure 8. Dependence of B-mode polarization angular power spectra on reionization parameters. The reionization models considered
are the same as those in Fig. 5. Left panel: : 2d distribution of l(l + 1)CBBl=200/2pi on various minimum halo mass and ∆z cases. Right
panel: Effect of patchiness on CBBl , higher minimum halo mass cases develop increased patchiness in IGM which in turn increases the
amplitude of B-mode angular power spectra.
∆z parameter and mean redshift of reionization, but it also
is quite sensitive to the amplitude of fluctuations in the elec-
tron density denoted by the term b2kSZ (as can be seen from
the power-law exponents of the respective terms).
In order to break degeneracy between the width of
reionization and spatial fluctuations in electron density, we
need to combine additional dataset as well as by exploring
higher order correlation functions (Smith & Ferraro 2017;
Ferraro & Smith 2018). This new scaling relation provided in
this paper will be useful for the interpretation of CMB data
from the high resolution CMB experiments such as ACTPol
(Thornton et al. 2016), SPT-3G (Benson et al. 2014), Simons
Observatory (Aguirre et al. 2018), and CMB-S4 (Abazajian
et al. 2019). A recent measurement of kSZ signal during
reionization and the corresponding bounds on the width of
reionization ∆z (Reichardt et al. 2020) needs to be revised
according to the new scaling relation provided in Eq. 12.
We should mention here that the observed kSZ signal will
contain contributions from both the patchy reionization and
the OV effect, hence an appropriate correction needs to be
applied while using the scaling relation to compare with the
data (see, e.g., Reichardt et al. 2020). In a future work, we
will develop estimators to measure both spatial fluctuations
and reionization from CMB data.
5.3 Impact on B-mode polarization power
spectrum
The nature of secondary anisotropies in the B-mode polar-
ization during the EoR at l = 200 is shown in Fig. 8 and
9 for two cases of the optical depth τ = 0.54 and τ = 0.61
respectively. Each cases are obtained for nine different reion-
ization scenarios by varying the parameters such as ∆z and
the minimum halo masses. These sets of total 18 different
cases makes it possible to show the dependence of the am-
plitude of the secondary B-mode polarization signal origi-
nating from patchy reionization. Our results show that fluc-
tuations in the B-mode polarization signal can get stronger
with the increase in the width of the reionization ∆z and
for the increase in the spatial fluctuations of the electron
density during the EoR. The impact of inhomogeneities in
electron density leads to stronger impact in the amplitude
of the B-mode polarization signal. For the limited cases of
reionization considered in this analysis, we find that the am-
plitude of the B-mode polarization signal can increase up to
nearly nine times from the case of small ∆z and minimum
spatial fluctuations in electron density (M8 case) to large ∆z
and maximum spatial fluctuations in electron density (M10
case).
As we did in the case of kSZ signal, let us define the
bias in the electron density as
b2ee(k, χ(z)) ≡ Pee(k, χ(z))
PDM(k, χ(z))
, (13)
which can then be used to define the “mean BB bias” at a
angular multipole l
b2BB(l) ≡
∫ zbeg
zend
dz b2ee
(
k = l+1/2
χ(z)
, χ(z)
)
∫ zbeg
zend
dz
=
1
zbeg − zend
∫ zbeg
zend
dz
Pee
(
k = l+1/2
χ(z)
, χ(z)
)
PDM
(
k = l+1/2
χ(z)
, χ(z)
) .
(14)
The range of values of b2BB(l = 200) are shown in Fig. 10
indicating a maximum variation up to a factor of four for the
simulation cases considered in this analysis. In particular, we
see a clear dependence of the bias on the value of Mmin.
Using the set of simulations, we have obtained a scaling
relation for the amplitude of the B-mode polarization signal
(DBBl ≡ l(l + 1)CBBl /2pi)
DBBl=200 ≈ 6.6 nK2
(
0.15 + τ
0.204
)(
∆z
0.98
)0.78(
b2BB(l = 200)
0.93
)0.99
,
(15)
This new scaling relation will be useful to estimate contri-
bution of patchy reionization from the B-mode polarization
data of the upcoming missions (Aguirre et al. 2018; Suzuki
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Figure 9. Same as Fig. 8 but for τ = 0.061.
Figure 10. We show the values of the b2BB(l = 200), see equation (14), as function of ∆z for different models of reionization considered
in this analysis. Similar to the behavior for kSZ, the bias parameter shows a stronger dependence on the minimum halo mass than the
on the width of reionization ∆z and mean value of optical depth τ .
et al. 2018; Abazajian et al. 2019). The procedure followed
to obtained the scaling relation is mentioned in Appendix
A. The scaling relation fits well with the simulation results
and shows a maximum of ∼ 14% departure from the results
obtained using simulations (shown in Fig. A2).
Similar to kSZ, the B-mode polarization signal is also
affected by both ∆z and spatial fluctuations in electron den-
sity during the EoR. However, the dependence of kSZ and
B-mode polarization on ∆z and spatial fluctuations in elec-
tron density are different [compare the power-law exponents
in equations (12) and (15)]. As a result, by combining both
kSZ and the B-mode polarization signal we can learn about
∆z and spatial fluctuations in electron density. In a future
work, we will explore the estimators by combining kSZ and
B-mode polarization signal to understand the EoR.
Additional fluctuations due to patchy reionization can
also bias the inferred value of the amplitude of primordial
gravitational waves denoted by r (tensor to scalar ratio)
(Mortonson & Hu 2007; Mukherjee et al. 2019). In our pre-
vious study from simulations (Mukherjee et al. 2019), we
have shown that the bias in the value of r gets stronger for
reionization driven by massive halos and can be comparable
with the error bar of the upcoming CMB missions (see also
Roy et al. 2020). A joint estimation of the kSZ signal, E-
mode polarization and B-mode polarization signal will be
also useful to mitigate the contamination in the primordial
B-mode polarization signal.
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5.4 21cm angular power spectrum from
simulations
So far, we have been concentrating on the CMB signals
which are essentially integrated along the light cone. Hence
it is often not straightforward to connect the angular scales
or multipoles l to physical quantities like the characteristic
ionized bubble size. As a complimentary probe, we consider
the 21 cm probe of HI which has the advantage that one can
study the patchy EoR signal arising from individual cosmic
epochs. This would allow us to understand the l-values which
are sensitive to the bubble sizes.
In order to compare the 21 cm signal with the CMB
probes, we concentrate on the angular power spectrum
C21cml (z)defined, under flat-sky approximation, as (Bharad-
waj & Ali 2004; Datta et al. 2007):
C21cml (z) =
1
piχ2
∫
dk‖PδTb(k, z), (16)
where PδTb(k, z) is the power spectrum of the δTb field de-
fined in equation (8). The vector k has components along
the line of sight and on the plane of the sky as k‖ and l/χ
respectively.
Shown in Figure 11 are the C21cml (z) vs l plot for vari-
ous cases considered in this paper. The M9 and M10 cases
exhibit higher power compared to the M8 case. Also, the
locations of the peak suggest that both those cases manifest
larger characteristic ionized bubble sizes as they occur at
lower l values. As reionization proceeds, the bubbles grow
up in size which is evident as the locations of the peak shift
at a lower l value with decreasing redshift. Thus we conclude
that the minimum halo mass parameter affects the charac-
teristic bubble size. Also, the increase in the C21cml with
higher Mmin further confirms that it has an amplifying effect
on the patchiness in the IGM (also supported by Figure 2).
Interestingly, the l-values corresponding to the typical bub-
ble sizes during the EoR correspond to the scales probes by
the kSZ experiments, hence cross-correlating the two signals
should reveal further details of reionization (Salvaterra et al.
2005) which we would take up in a future project. A cru-
cial advantage of such cross-correlation studies is that one
can minimize the systematics arising from individual exper-
iments.
6 CONCLUSION
Cosmic reionization is a crucial phenomenon finished by red-
shift z ≈ 5.5 (Barkana & Loeb 2001, 2004; Furlanetto et al.
2004; Wyithe & Loeb 2003; Dayal & Ferrara 2018). A detail
understanding of the EoR is crucial to understand several
astrophysical and cosmological processes. In this paper, we
explore the impact of patchy reionization on cosmological
observable such as kSZ temperature anisotropy, B-mode po-
larization signal, and 21 cm brightness temperature fluctu-
ation using a photon-conserving semi-numerical simulation
called SCRIPT (Choudhury & Paranjape 2018). We param-
etarize the EoR in terms of three parameters, the optical
depth τ , duration of the reionization ∆z and spatial fluctu-
ations in the distribution of electron density during the EoR.
From a set of 18 semi-numerical simulations by varying τ ,
∆z and minimum halo mass driving the reionization, we es-
timate the angular power signal spectrum of kSZ, B-mode
polarization, and 21-cm signal.
We show that the spatial fluctuations in the electron
density during cosmic reionization (which we call as patch-
iness) is going to play a crucial role in determining the
amplitude of angular power spectrum of kSZ, B-mode po-
larization, and 21-cm signal. The amplitude of the kSZ
power spectrum, is usually considered to depend only on
the width of the epoch of reionization ∆z, and redshift of
half-reionized Universe z50% (as shown in equation (9), taken
from Battaglia et al. 2013). However, we find that the patchi-
ness creates additional signal in the kSZ power spectrum and
hence the observed amplitude of the kSZ signal cannot be re-
lated only to the ∆z and z50% parameters. We have obtained
a new scaling relation for the kSZ amplitude mentioned in
equation (12) which captures the effect of spatial fluctuation
and differs from the previously used relation mentioned in
equation (9). A recent work by Gorce et al. (2020) have also
pointed out the difference in the kSZ amplitude in compari-
son to the results by Battaglia et al. (2013). Results obtained
by Gorce et al. (2020) are in agreement with the simulation
method which we have used in this analysis.6
The width of the EoR ∆z and the patchiness during
the epoch of cosmic reionization also leads to observable ef-
fect in the B-mode polarization. Amplitude of the secondary
B-mode polarization during the EoR increases with the in-
crease in the value of ∆z, and spatial fluctuations. The de-
pendence of the amplitude of the B-mode polarization signal
is stronger with increase in the amplitude of fluctuations in
the electron density than ∆z as shown by the scaling rela-
tion equation (15). This new scaling relation will be useful to
infer the contribution from patchy reionization from CMB
B-mode polarization data of the upcoming missions (Aguirre
et al. 2018; Suzuki et al. 2018; Abazajian et al. 2019).
The scaling relations we derived in the paper indicate
two important aspects: (i) the measurement of kSZ signal
and a value of τ is not sufficient to infer the value of ∆z
from observations. It is crucial to also know the contribu-
tion from spatial fluctuations in electron density during the
EoR. (ii) The contribution to the B-mode polarization de-
pends on the reionization history, and shows a variation up
to a factor of nine in the amplitude of the signal (see Sec.
5). The combination of both kSZ and B-mode polarization
signal can help in breaking the degeneracy the ∆z and spa-
tial fluctuations, as they follow different scaling relations.
By combining the measurement from CMB-only measure-
ments such as E-mode polarization (the reionization bump),
B-mode polarization, and kSZ signal from the temperature
field, we can make an accurate measurement of the opti-
cal depth τ , along with ∆z and patchiness during the EoR.
With the availability of the data of 21 cm signal from dif-
ferent redshifts, the information on spatial fluctuations in
the electron density can be improved and can be related to
the source properties. The cross-correlation study between
6 In Figure 8 of Gorce et al. (2020), they have shown that the
kSZ fluctuations are more for 108 M than for the 1010 M case.
However both these results are obtained for different reionization
histories, and is the possible reason for this counter intuitive out-
come.
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Figure 11. The 21 cm angular power spectra under flat-sky approximation derived from the 3D power spectrum of HI brightness
fluctuation PHI(k) at various redshifts for the three reionization histories considered in this paper. The location of peak in each curve
indicates the characteristic bubble size. With decreasing redshift (bottom to top), the peaks shift to lower l which implies increase in
the size of HII regions as reionization progresses. At a fixed redshift, peaks for 109 M and 1010 M occur at a lower CMB multipoles
l compared to the 108 M which is also indicative of larger bubble size for higher minimum halo mass cases.
21 cm and kSZ signal is also going to be a useful avenue to
study the fluctuations in the electron density.
In summary, we would like to point out that using only
the upcoming CMB observables, secondary anisotropies gen-
erated during the epoch of cosmic reionization can be ex-
plored. Not considering patchiness in the electron density
during the EoR in the analysis of CMB data can lead to an
inaccurate inference of the duration of reionization. In a fu-
ture analysis, we will address the measurability of the reion-
ization related parameters from the joint analysis of high an-
gular resolution ground-based CMB experiments (Thornton
et al. 2016; Benson et al. 2014; Aguirre et al. 2018; Abaza-
jian et al. 2019) and space-based CMB experiments (Suzuki
et al. 2018).
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APPENDIX A: NEW SCALING RELATION
FOR THE KINEMATIC SZ AND CMB B-MODE
POLARIZATION SIGNAL
Simulation-based study of cosmic reionization shows that
the spatial fluctuations in electron density can play a cru-
cial role in understanding the amplitude of the kSZ and
B-mode polarization signal. So to connect the amplitude of
the kSZ signal and the B-mode polarization with the pa-
rameters related to the EoR, new scaling relations will be
useful.
We model the amplitude of the angular power spectrum
(DXl ≡ l(l + 1)CXl /2pi) by a parametric form
DXl=lX = AX(τ)(∆z)
αX
(
b2X(l = lX)
)βX , (A1)
where, X ∈ {kSZ,BB}, τ is the CMB optical optical depth,
∆z is the duration of the EoR, and bX are the bias parame-
ters defined with respect to the DM matter power spectrum
defined in equations (11) and (14). The choice of writing
the kSZ and B-mode polarization amplitudes in terms of
the bias parameter bX(l) makes it possible to avoid the de-
pendence on the overall normalization of the matter power
spectrum in the scaling relation. We use lkSZ = 3000 and
lBB = 200.
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Figure A1. We show the relative difference (Dfitl /D
sims
l − 1)
between the scaling relation and simulation results for the cases
with optical depth τ = 0.054. The maximum departure is around
13%. The deviations for τ = 0.061 are also similar to this case.
Figure A2. We show the relative difference (Dfitl /D
sims
l − 1)
between the scaling relation and simulation results for the cases
with optical depth τ = 0.054. The maximum departure is around
14%. The deviations for τ = 0.061 are also similar to this case.
Using the set of 18 simulations (which are discussed in
Sec. 4) for different cases (by varying τ , ∆z, and minimum
halo mass Mmin), we calculate the value of bX(l) and the
value of Dl=lX , and obtain the best-fit parameters for A(τ),
α, and β by minimizing the χ2 defined as
χ2 =
∑
i
(
DXl,i −AX(τ)(∆zi)αX
(
b2X,i(l)
)βX
ΣXl,i
)2
, (A2)
where the index i denotes the individual simulation cases,
and
(
ΣXl,i
)2
is the variance in the kSZ/B-mode polarization
amplitude which is taken as the cosmic variance value de-
fined as ΣXl,i =
√
2
2l+1
DXl,i.
The corresponding best-fit parameter leads to a new
scaling relation for the kSZ amplitude given in equation (12).
The maximum difference between the scaling relation and
the simulation results are ∼ 13% as shown in Fig. A1 for
the cases with τ = 0.054. We found that the departure is
also similar for cases with τ = 0.061.
Similarly, for the B-mode polarization amplitude, we
obtained the scaling relation as given in equation (15). The
maximum difference between the scaling relation and simu-
lation results in this case are ∼ 14% as shown in Fig. A2,
and is similar for both τ = 0.054 and τ = 0.061.
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